© = emulsion phase
mf = minimum fluidization
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Part I. Local and Constrained Minima in Gibbs Free Energy

Several methods are reviewed for determining compositions in multi-
phase, reacting mixtures at equilibrium. Wolfe’s quadratic programming
algorithm is applied and results compared with the Rand method (Dluz-
niewski and Adler 1972), NASA method (Gordon and McBride 1971)
and the George et al. (1976) implementation of Powell’s method. For poor
guesses in compositions, local and constrained minima in Gibbs free energy
may arise, giving incorrect phase distributions.

SCOPE

cal equilibrium that are applicable for use in simulators.
The methods should provide the proper blend of gen-
erality, reliability, and speed.

Today’s simulators permit calculation of phase equi-
librium for, at most, three phases (vaporliquid-liquid),
involving no solids, and no chemical reaction.

The objective of this research has been to devise new
methods for calculating compositions in phase and chemi-
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In this article, we evaluate several methods to minimize
Gibbs free energy in calculating compositions in phase
and chemical equilibrium, Given poor guesses for phase
distribution and compositions, the global minimum in
Gibbs free energy may not be computed. With too few
phases, constrained minima are obtained. With the cor-
rect phase distribution, but poor guesses for compositions,
the moles of species in one or more phases often ap-

proach zero. The Rand and NASA methods require re-
moval of variables and equations to avoid singular matrices
and negative moles. George et al. (1976) circumvent these
steps with transformed variables, We apply the quadratic
programming algorithm of Wolfe without transformed
variables. This paper describes how these algorithms pre-
vent constrained minima, but do not eliminate the possi-
bility of convergence to a local minimum.

CONCLUSIONS AND SIGNIFICANCE

We conclude that: 1. The Rand and NASA methods,
although derived differently, give nearly identical linear
equations with the same coefficient matrix and, with minor
exceptions, are implementations of Newton’s method.

2. For these methods, when the moles of all species in
a phase approach zero, a corresponding row and column
of the Jacobian matrix approaches zero. To avoid singu-
larity, the equation and mole variables are deleted from
the search space. When the phase is deleted prematurely,
& constrained minimum is obtained.

3. Powell’s method, as implemented by George et al.,

avoids constrained minima, but is two-eight times slower
than the Rand method for the examples tested.

4. The quadratic programming algorithm of Wolfe does
not require removal of variables when moles of a phase
approach zero. To reduce the search space, we eliminate
these variables and find speeds for quadratic programming
comparable to those for the Rand method. There is the
possibility of converging to constrained minima, but we
introduce a phase-splitting algorithm and test for stability
of phases during minimization calculations, as described
in Part I

Figure 1 illustrates the physical situation in which a
mixture of chemicals is allowed to reach equilibrium at
T; and P;. The number of phases, P, and their composi-
tions are unknown at equilibrium. Mathematically, the
problem is to minimize the Gibbs free energy

s c P
G = 2 Gone - 2 2 Ging (1)
i=1

j=S+1 I=1

subject to mass balance constraints, where C is the num-
ber of chemical species, P is the number of mixed phases
(vapor, liquid, solid), S is the number of condensed spe-
cies (which appear in only one pure phase, are normally
solid, and do not distribute amongst other phases,) ny is
the number of moles of compound f in phase /, Gy is the
chemical potential of compound j in phase I, given by

Gu = G + RT 0
foi
and, often, ;i = y;ésP for vapor and = x;yufs for liquid
phases.

—————» PHASE 1

L~ PHASE2
T, P, F, 24

L——-———> PHASE P

Figure 1. Physical situation: mixture reaches equilibrium at T; and
Ps. The number of phases, P, and their compositions are unknown.
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When the number of independent chemical reactions
equals C — p, where p is the rank of the atom matrix
(mg), Gibbs free energy is minimized subject to atom bal-
ance constraints

s c P

b, = 2 mun© + 2 2 MmN k= 1,..,E (2)
=1 i=S+1 1=1

where by is the number of gram-atoms of element k, my,

is the number of atoms of element k in compound §, and E

is the number of elements.

PRIOR WORK

Chemical Equilibrium

Until the early 1940’s, compositions in chemical equilib-
rium were computed manually by solving a set of non-
linear equations

C

> wGi=0

i=1

i=1..,R (3)

subject to the atom balances in Equation (2).  Equation
(3) was written for each of R independent reactions and
was obtained by differentiating Equation (1):

aGc

—_—=0

dé;

where ¢£; is the extent of reaction i and

i=1l..,R

R
ny=nP + 2 visi

i=1

i=1...C (4

n;° is the moles of compound j in the feed mixture and »;
are the stoichiometric coefficients of compound § in reac-
tion { given by the mass balances MTvT = 0,

Brinkley (1946) postulated C species present in a
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single phase at equilibrium. p species, referred to as
“components,” were selected to have linearly independent
formula vectors, where p is the rank of the atom matrix,
(my), and Y; is the formula vector for the jth species,
[my;, my, ..., mz]. Given the choice of components, the
stoichiometric coefficients for an independent set of
chemical reactions are computed

Mu

v¥;=Y; i=p+1,...,C (5)

w.
]
-

where the number of independent reactions, R = C — p,
and the species on the right-hand-side are referred to as
“derived species.” Compositions at equilibrium are calcu-
lated using Equation (3) and conservation of mass for
each component

P
Gi'—zllijcj:o i=p+1,...,C (8)
i=1

C
n; + 2 viffti = qj

i=p+1

i=L..,p (7)

where the feed mixture is distributed amongst compo-
nents, j = 1,2,...,p, and q; = n. Kandiner and Brink-
ley (1950) assumed values tor the derived species, n;®,
and solved Equation (7) tor the moles of components,
n;. Equation (8) was solved for n; and convergence cri-
teria checked. For convergence, components need be se-
lected as those species present in the lmghest concentration
at equiribrium. When this is not the case, Equation (7)
frequently gives negative values for n;.

Browne et al. (1960) suggests the “optimum compo-
nent” procedure in which components are selected as
those species expected to be in the highest concentration
at equilibrium. Cruise (1964) altered the components dur-
ing iterative calculation to reflect changes in composi-
tion, Cruise solved Equations (6) and (7) by adjusting ex-
tents of reaction. To prevent divergence, Smith and Missen
(1968) also improved initial estimates by using a linear
programming procedure which neglects the logarithmic
terms in Equation (1).

Because of these problems, most recent methods avoid
the distinction between components and derived species
and take the moles of all species as iteration variables.

Naphtali (1959) solved Equation (3) by obtaining cor-
rections to extents of reaction trom

df( = - AGid)‘

where d\ is the step-size and
c

AG; = 2 vijGj
i=1

He showed that positive d\ give d¢; that reduce Gibbs free
energy. This method is analogous to that of steepest de-
scent, a first-order method for minimization of Gibbs free
energy. Ma and Shipman (1972) used Naphtali’'s method
to estimate compositions at equilibrium and the Newton-
Raphson method to achieve convergence.

Phase Equilibrium

Algorithms for systems that are vapor, liquid, or a mix
of vapor and liquid in equilibrium can be relatively sim-
ple. For example, the flash equation

zc; zj(1 — ky)

S Tralh-1) (8)
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can be solved for « (moles of vapor/moles of feed) using
simple root-finding procedures.

For non-ideal solutions, k; is a function of liquid com-
position and «. Hence, Equation (8) must be solved
teratively with material balance equations and computa-
tion times increase.

For highly non-ideal solutions, involving two or less lig-
uid phases, Henley and Rosen (1969) developed an algo-
rithm that attempts to solve for compositions at equilibrium
among a vapor and two liquid phases using k-values. When
a solution cannot be obtained, attempts are made to de-
termine compositions at equilibrium between two liquid
or vapor and liquid phases.

CHEMICAL AND PHASE EQUILIBRIUM

Sanderson and Chien Method

Sanderson and Chien (1973) solve Equations (3), (4)
and (8) to determine compositions of vapor and liquid
phases in chemucal and phase equilibrium, A set of in-
dependent chemical reactions is selected with guesses
tor extent of reaction. Soiution of Equation (8) leads to
compositions in phase equilibrium, but applies only for a
vapor and liquid in equilibrium, Residuals of Equations
(3, and (4) are computed and extents of reaction, &, and
moies of species §, nj, are adjusted using Marquardt’s
method (Henley and Rosen 1969).

Rand Method

in 1958, White, Johnson, and Dantzig, working at Rand
Corporation, computed compositions at equilibrium using
Newon s method to minimize the Gibbs free energy of an
ideal gas mixture. Their algorithm was extended to in-
cude pure solid phases (Boynton 1960, Oliver et al. 1962,
vaizhiser et al. 1972) and one or more mixed liquid or
soiid phases {Dluzniewski and Adier 1972).

In our notation, the n vector contains guessed values
for the moles ot compound j in phase I (n;) at equilib-
rium, Equaiion (1) is differentiated analytically (assuming
0¢y/dny = dyp/dny = 0) and substituted into a quadratic
'laylor Series to approximate the Gibbs free energy at the
N vector, a vector of mole numbers in close proximity to
the n vector

5

G
(N} =G{n} + 3 — (Nf —n)
j=1 6nj
P c
oG
+ 2 —— (Njy — ny)
=1 s=s+1 ONil
1 G
— Nt — nf)? 9)
by % T (V=) (
1 P c C azc
+ = P rw—
2 2:1 5=§1 5=.§+1 onjon;

(Nj — ny) (Ny1 — nya)

N is computed at minimum @ subject to the atom balance
constraints (Equation 2). An unconstrained objective
function, using Lagrange multipliers, mk (k=12..,E)

E s
F{N} = Q{N} + RT 2 m [ by — z myN§©
k=1 j=

j=1
P c
- 2 2 mjkle} (10)
=1 i=S+1
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P eqns. L Mg
sy N
NS
S eqns. Mik
VRN
Figure 2. Coefficient matrix, Rand method (for details, see Figure 1,
Part 1i1).
is minimized using
i=1 C
dF{N} 9F{N} oF{N [=Deen
{ }= { }= { }=0 l=1,...,P (11)
aNg INj dme k= E

Since Q is a quadratic function of N, the resulting equa-
tions are linear in unknowns N;¢, Ny, and = These equa-

tions and
c
Nl = 2 le
i=1

are reduced to S + P + E linear equations in unknowns
Ny, N;, and m. The coefficient matrix, shown schemati-
cally in Figure 2 (for details, including ionic species, see
Figure 1, Part III), is inverted and Nj are computed

I=1..,P

E
G N
ALY S

Ny=—n;
# # { RT n 2

l1=1,..,P (12)
Letting

A=N-—n (13)
a vector defining a search direction is obtained. New
points, N’

N =n+ A (14)
are obtained by adjusting A to give minimum G and to
avoid negative values of Nj and N;2. We adjust A be-
tween Amax (maximum value of A such that N” = 0) and
Amin (minimum value of ) such that N’ = 0), with uni-
modality assumed. Beginning with A = Amax, dG/d\ is
computed

dG 5, Gp ¢ &

—_—= — AL + GaAg

&Rt 22
where dy;/0x and d¢;/o\ are taken as zero. ) is reduced
by 0.1 Amex until a negative slope is obtained; if not
found for A > 0, a similar search is conducted for Amin =
A < 0. When the slope turns negative in interval (0,
0.1 Amax) or (0.1 Ayin, 0) a Fibonacci search reduces the
interval to 8(Amax — Amin). Values of dG/dx may be com-
puted using y; and ¢ at n or N’. The former reduces
computations per iteration, while the latter gives a more
realistic minimum in the search direction and is used in
this work.

When solid phases are incorrectly postulated to occur
at equilibrium, a solution cannot be obtained. Values of
Nj¢ become negative and \ becomes small (approximately
zero). Oliver et al. (1962) recommend that such species
be removed and the algorithm restarted. (See also
Balzhiser et al. 1972). They show that the criterion for
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introducing a solid species is
Gy

AT (18)

E
— 2 memy < 0 iﬁs
k=1

where the Lagrange multipliers, x, are computed at mini-
mum Gibbs free energy without the solid species. Such
a check should be made, especially after a solid species
has been removed.

It is often desirable to compute the compositions of
trace species in solution phases, which were not included
in the minimization calculations. These are given by

B

Gs°
[———-—+ In Bs1 + z TEM ik
RT

k=1 ( 16)

Npp=ne

where, for a liquid

and vyj are at infinite dilution.

Dluzniewski and Adler (1972) used the Rand method
for calculation of phase equilibrium. “Fictitious elements”
are introduced to prevent reaction. Consider a reactor
that produces ethylbenzene by reaction of benzene and
ethylchloride in the presence of AlCl; catalyst. For cal-
culation of phase equilibrium, downstream of the reactor,
fictitious element A replaces a hydrogen atom in benzene
(Ce¢HsA) and the moles of each species remain un-
changed.

When a mixed phase ! is postulated that does not exist
at equilibrium, the Rand method decreases its concen-
trations to zero, This causes the row and column asso-
ciated with extraneous phase ! in the coefficient matrix
to approach zero and singularities to develop (see Figure
2). Hence, we found it necessary to remove these rows
and columns from the matrix during matrix inversion
when the maximum pivot element is less than an arbi-
trarily small value.

NASA Method

Gordon and McBride (1971), working at the NASA
Lewis Research Center, developed an algorithm similar
to the Rand method. They minimized

E S
F{n} = G{n} + RT 2 Tk (bk —_— 2 mjknf
k=1 j=1

c
- > mjknj) (17)

i=8+1
dF{n oF oF
() _ oFm) _oFlm) _ o
anf anj omg

The resulting C + E equations are nonlinear in un-
knowns n;f, n;, and m; but In n; are iteration variables
since n; occur in logarithm terms, These equations are
linearized using first-order Taylor Series (Newton-Raph-
son method), in the variables ang, A(lnn;), and my,
and with n = 3 n; are reduced to S + 1 + E linear

2
equations in unknowns AN, A(ln N), and @, We have
shown that they are nearly identical to the equations
in the Rand method and have the same coefficient matrix
(Figure 2).

Implementation of Powell’s Method
George et al. (1978) eliminate constraints, n; = 0, by
introducing an allocation function

AIChE Journal (Vol. 25, No. 6)



1

Al = 1+ e™w

(19)

where — o0 < 14; < » and 0 = A{y;} = 1. For two
phases in equilibrium, without reaction,
nj = A{ugingt
i=1...,C (20)
= (1 — A{u;})ns
and for three phases, without reaction
njy = A{uglng
np = (1 — A{u;}) Ay clnf (21)
ns = (1 — A{u}) (1 — A{ujec})nt
i=1...,C
. .
where n;t = 2 n; = no, In calculations to minimize G,
=1

u; replace ny as iteration variables; there are (P — 1)C
elements in u.

For systems with reaction, George et al. (1976), like
Brinkley (1946), select p “components” and C — p “de-
rived species.” For the derived species, C — p additional
elements, u;, are defined such that

nt = A{tj+ p-vCIimax =P+ 1 ...,C (22)

and
n _ 1
Jmax ~—
k= l,rfl?{c,E [-ﬁﬁ]
by,

where n; .. is the maximum amount of species § at equi-
librium. These elements, u;, are also adjusted to minimize
G. As recognized by Kandiner and Brinkley (1950), care
must be taken to select “components” from among those
species present in highest concentration at equilibrium.
Otherwise, during calculations to minimize G, large values
of nt for the derived species (j = p + 1, ..., C) can give
negative values of n;* for trace components when solving
Equation (7).

George et al. (1978) implemented Powell’s method
(1970), a quasi-Newton method, that uses approxima-
tions to the Hessian matrix and its inverse, H{u} and
H{u}~, to calculate A (= N — n).

Chemical Equilibrium with lsomers

For mixtures containing isomers, the number of in-
dependent chemical reactions R is often not given by
C — p, where p is the rank of the atom matrix, Whitwell
and Dartt (1973) describe methods for determining R
and mass balance constraints for minimization of Gibbs
free energy.

Restricted Chemical Equilibrium

For some mixtures, experimental measurements show
that fewer than C — p reactions describe the mixtures at
equilibrium. This occurs when some of C — p reactions
do not occur due to the formation and depletion of free
radicals in the reaction mechanism (Bjornbom 1975,
1977) or because “certain reaction paths are not available
for chemical change” (Prigogine and Defay 1947). The
latter occurs for certain reactions, in the absence of
catalyst, that are too slow to occur.

For these systems, mass balances must account for
these restrictions and replace the atom balances (2) as
constraints for minimization of Gibbs free energy. These
mass balances were determined by Schott (1964)

AIChE Journal (Vol, 25, No. 6)

S c P
g1= 2 myne+ 3 3 mym f=1.,¢

j=1 J=8+1 I=1
(23)

where o’ = C — R and R is the number of reactions ob-
served experimentally. Schott solved for unknown coeffi-
cients in the M’ matrix, where

MyT =0 (24)

M is a C X p’ matrix given by [I]X]T and X is a sub-
matrix of unknown coefficients. Bjornbom (1975) shows
that extents of R independent reactions must vary inde-

pendently,

QUADRATIC PROGRAMMING

Quadratic programming algorithms are attractive for
calculating compositions in phase and chemical equilib-
rium, because they satisfy inequality constraints (N = 0)
without transformations. Moles of solid species approach
zero, rather than large negative values, when solid spe-
cies are removed during minimization calculations, Hence,
their variables can be retained during subsequent calcu-
lations. Similarly, for solution phases, when the moles of
all species approach zero, variables may be retained. For
these reasons, we implemented the quadratic program-
ming algorithm of Wolfe (Hadley 1964 and Kunzi et al.
1968) and compared its performance to that of the Rand
method and the George et al. (1976) implementation of
Powell’s method.

Quadratic programming algorithms use the Kuhn-
Tucker conditions (Kunzi et al. 1986) to minimize
quadratic objective functions (Equation 9) subject to
equality constraints, e.g., Equation (2) or appropriate
mass balances, and inequality constraints (N = 0). For
minimization of the quadratic approximation to Gibbs
free energy, these reduce to

2CN—-V+Mn=—p

MIN=b (25)
NV =0
N=0, V=0

where C = % V2G{n}, p = VG{n} — V?G{n} ‘' n, V =
dF /6N, and M is the atom matrix.

Wolfe uses the Simplex Algorithm of linear program-
ming to solve these equations in two phases. He intro-
duces slack variables z!, z2, and w

2N~V +Mr+2' —22=—p
MIN+w=b (26)
N=0, V=0, 22>0, w0

z1 =0,

Initially N=V = s = 0 and

z;‘=—pi, z2=0 if p;<0
zt =0, #=p f p>0
w=bh

In Phase 1, the Simplex Algorithm is used to minimize
E
D wk (27)
k=1
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TasLE 1. ExecurioN TiMEs FOR THE RAND METHOD,
QuADRATIC PrOGRAMMING ( WOLFE'S ALGORITHM ), AND
THE IMPLEMENTATION OF POWELL’s METHOD BY GEORGE

ET AL. PROGRAMS ARE IN FORTRAN AND ExeEcuTiON TIMES
ARE FOR THE UNivac 90/70 CoOMPUTER

Execution time, sec®

George
Rand Quad. prog. etal

1. Ideal gas with reaction 2 3 4
2. Reacting gas with solid

phase 2 3
3. Two liquid phases, no

reaction 2 4 7
4. Vapor and liquid phases,

no reaction 18 18 101
5. Three liquid phases, no

reaction 4 6 11
8. Vapor and two liquid

phases, no reaction 5 7 41
7. Vapor and liquid phases,

reaction 2 3 20

@ Convergence criteria: ||VG|| =3 = 10-4

subject to Equations (26) and V = & = 0. w is elim-
inated from the basis (wx — 0) and replaced by N. In
Phase 2,

S+PC

2 2t + 22 (28)
i=1

is minimized subject to Equations (26) only. The z!
and 22 are eliminated from the basis and replaced by V
and =. To satisfy NTV = 0, if N; is in the basis, V; cannot
enter the basis, and vice versa. When C is positive semi-
definite, this condition keeps z! and z? from being elim-
inated entirely. A small positive number is added to the
diagonal elements of C to create a positive definite matrix
and Phase 2 is completed (see Charnes Perturbation
Method, Chamnes and Cooper 1961).

If convergence criteria are not satisfied, n « N, and
Equations (23) are resolved. When all values of Ny, j =
1, ..., C are zero, these variables for phase ! are elim-
inated from Equations (25), to avoid unnecessary opera-
tions. However, upon examining the solution, care must
be taken to ascertain that the phase does not exist at equi-
librium. In our work, this is accomplished by the phase-
splitting algorithm introduced in Part II. Alternatively,
the variables N; for phase I can be retained with zeroes
and the quadratic programming algorithm may adjust
them greater than zero. When phase ! exists at equilib-
rium, but Nj; remain zero, a local minimum is achieved.
The next section clarifies this point.

Computed results were obtained for the following sys-
tems, using quadratic programming, the Rand method,
and the George et-al. implementation of Powell's method:

1. Ideal gas with reaction. Ethane cracking at 1,000 K
and 1.013 bar (1 atm) (Balzhiser et al. 1972).

2. Reacting gas with solid phase. Blast furnace equilib-
rium at 1,367 K (2,000°F) and 1.013 bar (1 atm) (Balz-
hiser et al. 1972).

3. Two liquid phases with no reaction. Mixture of iso-
propyl alcohol, isopropyl ether and water at 335K and
1.013 bar (1 atm) (Dluzniewski and Adler 1972).

4, Vapor and liquid phases with no reaction. Mixture
of isopropyl alcohol, isopropyl ether, propylene, n-pro-
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alLauryl alconol
A

Glycol

Figure 3. Contours of constant Gibbs free energy of mixing for mix-
ture of glycol, lauryl alcohol, and nitromethane at 295.2K and 1.013
bar (1 atm). Activity coefficients using van Loar equation.

panol, water, acetone, and hexene at 388.7K (240°F) and
41.36 bar (600 psia) (Dluzniewski and Adler 1972).

5. Three liquid phases with no reaction. Mixture of
lauryl alcohol, glycol, and nitromethane at 2952K and
1.013 bar (1 atm) (Null 1970).

6. Vapor and two liquid phases with no reaction. Mix-
ture of propylene, water, isopropyl ether and isopropyl
alcohol at 378 K and 41.33 bar (40.8 atm) (Dluzniew-
ski and Adler 1972).

7. Vapor and liquid phases with reaction. Reaction of
ethanol and acetic acid to give ethyl acetate and water at
358.2K and 1.013 bar (1 atm) (Sanderson and Chien
1973).

Table 1 shows the number of iterations and execution
time for the three methods. Quadratic programming and
the Rand method have comparable speeds, whereas the
implementation of Powell's method by George et al.
(1976) is two to eight times slower. This is expected as
experiments to minimize the Rosenbrock function show
Powell’s method to be slower than Newton’s method,
using analytical and numerical derivatives. Powell’s
method typically requires five times fewer function evalua-
tions than Newton’s method using numerical derivatives;
but, much computation time is consumed in updating
#H{u} and H{u} L

Analytical derivatives (assuming d¢u/dny = dyu/dn;
= 0) are used for the Rand method and quadratic pro-
gramming; numerical derivatives for the method of
George et al. In all cases, the correct number of phases
(at equilibrium) were assumed.

LOCAL AND CONSTRAINED MINIMA

Equilibrium compositions are given at the global mini-
mum of the Gibbs free energy surface. But, poor guesses
for phase distribution and composition can lead to local
or constrained minima. A local minimum occurs when the
minimization algorithm converges to a minimum point
with Ny = 0,7 = 1, ..., C, where phase [ is present at
equilibrium. A constrained minimum point is obtained
when the variables Nj are eliminated from the search
space prematurely, as they first approach zero. Con-
strained minima occur when too few phases are assumed.
Local or constrained minima occur when the correct
number of phases are assumed, but composition guesses
are poor, and can occur when too many phases are as-
sumed. In the latter case, as extraneous phases are re-

AIChE Journal (Veol. 25, No. 6)



TABLE 2. PHASE EQUILIBRTUM FOR A MIxTURE OF 40% GrYcoL, 30% LAURYL ALCOHOL, AND 30% NITROMETHANE,
AT 295.2 K AND 1.013 Bar (1 at™). Activiry COEFFICIENTS USING VAN LAAR EQUATION. INTERACTION COEFFICIENTS
Given By Nurr (1970), Nji ARE TABULATED

Guesses Equilibrium
Total moles Phase 1 Phase 2 Phase 3 Phase 1 Phase 2 Phase 3
Glycol 0.4 0.1 0.295 0.005 0.0723 0.3262 0.0014
Lauryl alcohol 0.3 0.25 0.04 0.01 0.2825 0.0163 0.0012
Nitromethane 0.3 0.05 0.05 0.2 0.0375 0.1283 0.1341
moved, if composition guesses are poor, local or con-
strained minima can be reached.
For mixtures of glycol, lauryl alcohol, and nitromethane
(Null 1970), a contour plot of Gibbs free energy of mix-
ing is shown in Figure 3, computed using
3 3
AGp =G — nj‘G,-" = RT 2 njt In ‘ijjt (29)
i=1 i=1
and the van Laar equation for liquid activity coeflicients.
Along the borders, for glycol-nitromethane and lauryl
alcohol-nitromethane, two minima are observed, illustrat- )
ing the partial miscibility of these binary pairs. The

glycol-lauryl alcohol pair is also partially miscible, but
two minima are not observed—probably due to limitations
of the van Laar model. Since a tangent plane passes
through three points in the Gibbs free energy surface (A,
B, and C), the van Laar model shows three phases in
equilibrium for mixtures within triangle ABC. Substitut-
ing these ‘compositions (see Table 2) in Equation (1),
the global minimum of the Gibbs free energy surface is
obtained (not the minimum of Equation 29), Gun/RT =
~3.5617.

When too few phases are assumed, the search for
minimum Gibbs free energy is conducted along a bound-
ary of the feasible search space. Figure 4 is an attempt to
show this phenomenum in three dimensions. Gibbs free
energy is plotted as a function of the moles of component
1 in phases L; and Lg. If ny% is not in the search space,
the search for minimum Gibbs free energy is constrained
to the boundary, along the curve RST and a constrained
minimum at T is found.

Ta illustrate this result, consider minimization of Gibbs
free energy for a mixture of 409 glycol, 309 lauryl alco-
hol, and 309 nitromethane (Point F—Figure 3), assum-
ing that two phases exist at equilibrium. One solution
contains two phases, Points D and E in Figure 3, with
compositions tabulated in Table 3, and Gum/RT =
—3.535. Even when three phases are assumed to exist at
equilibrium, with poor guesses for composition (see Table
4), the variables Nj; are removed during minimization
using the Rand method and a constrained minimum is
found. In our implementation of quadratic programming,
the variables Nj3 were eliminated, as well. We developed
the phase-splitting algorithm described in Part II to ex-

L
n12

Figure 4. Hypothetical surface of Gibbs free energy shows G{nili,
niL2}, Additional axes cannct be shown for njL1 and n;l2 in multi-
component mixtures.

TasLE 3. MiNnimMuM PoINT oF GiBBs FREE ENERGY FOR A
MixTure oF 40% GLycor, 30% LAURYL ALCOHOL,
AND 30% NITROMETHANE, AT 295.2 K AND AT 1.013

Bar (1 at™m), AssuMiNG Two oR LEss PHASES

Composition at Gin

Total moles Phase 1 Phase 2  Phase 3
Glyeol 04 0.0585 0.3415 —
Lauryl alcohol 0.3 0.2845 0.0155 —
Nitromethane 0.3 0.0466 0.2533 —_—

plore the feasibility of this phase reappearing after subse-
quent iterations, We reduce the size of the search-space,
thereby saving considerable computation time, but add
computations in phase-splitting. This trade-off and reli-
ability are considered in Part II.

TasLE 4, MintmuM PoiNT OF GiBBs FREE ENERGY FOR A MIXTURE OF 40% Grycovr, 30% LAURYL ALCOHOL, AND
30% NITROMETHANE, AT 295.2 K aAND 1,013 Bar (1 aAT™), AssuMiNe THREE PHasEs wiTH Poor GUESsEs FOR COMPOSITION

Guesses Composition at Gmin
Total moles Phase 1 Phase 2 Phase 3 Phase 1 Phase 2 Phase 3
Glycol 0.4 0.045 0.295 0.06 0.0585 0.3415 —
Lauryl alcohol 0.3 0.25 0.04 0.01 0.2845 0.0155 -_—
Nitromethane 0.3 0.24 0.05 0.01 0.0466 0.2533 —
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NOTATION

A = allocation function

by = gram atoms of element k

C = number of chemical species

C = 1/2V%G{n}

E = number of elements

fa = fugacity of pure compound f§ in phase ! at T and
and P of system

fn = mixture fugacity of compound j in phase I at T
and P of system

fox = fugacity of compound j in standard state for
phasel

F = unconstrained objective function (see Equation
10)

G = Gibbs free energy

G°u = free energy of formation of species § in standard
state for phase }

G;i = partial molal free energy of compound j in phase
! (chemical potential)

AGm = Gibbs free energy of mixing

#{ = approximation to Hessian matrix

#{~! = approximation to inverse of Hessian matrix

k; = vapor-liquid equilibrium constant for compound j

my = number of atoms of element k in compound {

M = atom matrix-elements are my,

M’ = mass balance matrix

n; = moles of compound j in phase

n = moles of condensed species j

n° = moles of compound j in feed mixture

nt = moles of compound j at equilibrium

Nimex = maximum moles of species j at equilibrium

n = guess vector for moles of compound j in phase !

N = vector of moles of compound j in phase ! com-
puted using Equation (10)

P = VG{n} - VG{n}-n

P2 = number of mixed phases (vapor, liquid, or solid);
pressure

q; = equals n? where feed mixture is distributed
amongst p “components”

qf = equals np, where feed mixture is distributed
amongst p” “components”

Q = quadratic approximation of Gibbs free energy
surface

R = number of independent reactions, universal gas
constant

§ = number of condensed species, appear in only
one pure phase, normally solid, do not distribute
among other phases

T = absolute temperature

u = vector of transformed variables

U = new vector of transformed variables

V = 8F/6N

w = vector of slack variables

zy = mole fraction of species f in phase /

c
x’t - n‘t / 2 njt
i=8+1

X = submatrix of M’

yn = mole fraction of species f in vapor phase

Y; = formula vector for compound j

[mjl, Mjay ..y ij]
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z; = mole fraction of compound f in feed

z! = vector of slack variables

z2 = vector of slack variables

Greek Symbols

« = moles of vapor per mole of feed

B = often y;fy/fp for liquid and ¢;P/f°; for vapor

ya = activity coefficient of compound j in phase !

A = vector defining search direction

8 = convergence tolerance

A = parameter in unidirectional search

d\ = step-size in Naphtali method

vy = stoichiometric coefficient of compound { in reac-
tion {

¥ = stoichiometric coefficient matrix

én = fugacity coefficient of compound j in phase !

m; = Lagrange multipliers

% = vector of Lagrange multipliers

p = rank of atom matrix (my)

& = extent of reaction i

Subscript

f = feed

Superscript

¢ = condensed phase (comprised of a pure species

that occurs in condensed phase only)
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Part ll. Phase-splitting

A phase-splitting algorithm is coupled with the Rand method to
improve its efficiency and reliability when the phase distribution is un-
known at equilibrium. The coupled algorithm works well to give phase-
splits in the metastable region where most stability tests fail. Exhaustive
tests show fine performance in the region near liquid-liquid phase enveliopes

for systems with at least one partially miscible binary pair.

SCOPE

In Part I, we show that algorithms to calculate com-
positions in phase and chemical equilibrium can con-
verge to local or constrained minima in Gibbs free energy.
This paper is intended to present strategies that are more
efficient and reliable for finding the global minimum.

One strategy is to assume the maximum number of

phases given by the Gibbs Phase Rule:
Pmaxzc_R—f+2

where f = 2, given specifications for temperature and
pressure. Minimization algorithms, such as the Rand
method and quadratic programming, eliminate exirane-
ous phases, but may eliminate one or more phases im-
properly, given poor composition guesses. Further, these
algorithms search the largest composition space and re-
quire large computation times.

The probability of reaching local or constrained minima
increases with non-ideality and uncertainty in guessed
compositions. This occurs particularly when processes
involving non-ideal mixtures, with or without reaction,
are analyzed using iterative procedures that produce
large temperature and extent of reaction changes, in-
creasing uncertainties in guessed compositions. Typical

processes are:

1. Heterogeneous distillation towers, where two liquid
phases may occur on one or more trays,

2. Methanation reactors, where carbon may or may not
deposit on Ni catalyst,

3. Cryogenic separators, where CO; may or may not
freeze out, and

4. Extraction trains, where one, two, or three liquid
phases may occur in one or more units.

An alternative minimization strategy is to guess too
few phases and to test for instability of phases during
equilibrium calculations. Boston and Fournier (1978) il-
lustrate this approach for splitting a nonideal liquid
phase into two liquid phases. They use k-value algorithms
to converge equilibrium calculations after splitting the
liquid phase,

In this paper we introduce algorithms to split both
vapor and liquid phases. Our algorithm permits very
poor guesses for phase distribution; for example, all vapor
or all liquid. Vapor or liquid phases are added as neces-
sary during calculations to minimize Gibbs free energy.
The search space is small and the phase-splitting algo-
rithm has been successful in avoiding local and constrained
minima for the systems tested.

CONCLUSIONS AND SIGNIFICANCE

The phase-splitting algorithm in this paper and the
Rand algorithm (Newton’s method) for minimization of
Gibbs free energy have been tested for many systems.

Present address for Gautam is Union Carbide Corp., South Charles-

ton, W, Va,
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1t is concluded that:

1. The phase-splitting algorithm improves the effi-
ciency and reliability of the Rand algorithm (or any
other minimization algorithm). Without the phase-split-
ting algorithm, random guesses for phase distribution led
to no solution in 39 of 50 cases. With phase-splitting and
very poor guesses (single liquid or vapor phase), the global
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